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We study the role of electron-electron interactions near quantum Hall (QH) transitions using
a composite fermion (CF) representation. While the transition is described by a strong-coupling
fixed point, we are nevertheless able to deduce two of its properties. With 1/r interactions, 1) the
transition has a dynamical exponent z = 1, and 2) all transitions are ‘superuniversal’: fractional
and integer QH transitions belong to the same universality class. With short-range interactions,
z = 2 and the fate of superuniversality remains unclear. To support our observations, we specifically
study Son’s Dirac CF theory at finite density, in the presence of a random vector potential. Without
gauge fluctuations, the system is equivalent to a ‘dual’ CF network model. With gauge fluctuations,
the system is governed by a gauged nonlinear sigma model (NLSM) with non-zero θ-term.
Introduction - The quantum Hall to insulator transition
(QHIT) is one of the best studied, and archetypal families
of quantum critical points1. Many key issues, however,
remain unresolved. For instance, a commonly held view,
is that the integer QHIT always has a non-interacting de-
scription - afterall, the phases on either side of the transi-
tion have free-fermion prototypes. By contrast, it seems
absurd to suppose that the fractional QHIT may map on
to free particles. Thus, at a first glance the integer and
fractional QHITs appear to be completely distinct.
The flaw with this reasoning is the premise that inter-
actions are always negligible near the integer QHIT: as
a point of principle, adiabatic continuity to free fermion
ground states breaks down at a critical point. Moreover,
the very fact that the resistivity tensor is finite and uni-
versal as T → 0 cannot be obtained from free electrons
in a disordered Landau level, since extended states occur
only at one energy2. Furthermore, there is evidence for
dynamical scaling laws, which can only be explained by
invoking interactions.
Motivated by these considerations, we have formulated
the QHIT problem in a dual composite fermion (CF)
representation, where interaction effects are captured by
fluctuations of a dynamical U(1) gauge field. In recent
work, two of us showed that in the mean-field approxima-
tion of the integer QHIT (in which gauge fluctuations are
neglected), the composite fermions themselves undergo a
QHIT and the critical point is in the same universality
class as the non-interacting QHIT3.
In this letter, we proceed further, and take into account
gauge fluctuations in the presence of quenched random-
ness. This allows us to address integer and fractional
QHITs on equal footing. While the critical point cor-
responds to a strong coupling fixed point of a gauged
non-linear sigma model (NLSM), we are nevertheless able
to obtain robust, model-independent conclusions for the
critical point, from the vantagepoint of the CF represen-
tation. We show that for the case of 1/r interactions,
the transitions are superuniversal: both integer and frac-
tional QHITs are in the same universality class.1,4–7 Su-
FIG. 1. Schematic renormalization group flows at criticality
with U = e2∗/r from the viewpoint of the Dirac composite
fermions with a random vector potential. The Hall conduc-
tivity is not renormalized by gauge fluctuations at criticality.
Hence, at criticality there are 2 running couplings, 1/σxx and
1/e2∗, the gauge gauge fluctuation strength. At 1/e
2
∗ = 0, the
mean-field CF theory is valid and the theory flows towards
the IQHIT fixed point of non-interacting CFs characterized
by z = 2. However, when 1/e2∗ > 0, it becomes unstable to
an interacting fixed point with z = 1 scaling.
peruniversality was first conjectured in the seminal work
by Kivelson, Lee and Zhang (Ref. 5); here we provide
an explicit theoretical treatment. Furthermore, with 1/r
interactions and quenched randomness, transverse gauge
fluctuations are overdamped modes with z = 1 scaling.8
With short-range interactions, we obtain z = 2, but we
are unable to determine at present whether or not the
transitions in this case are superuniversal.
We support these observations via a gauged NLSM de-
scription for the Son’s Dirac CF theory9 at σxx  1.
An important feature of the theory is that the topolog-
ical term is unaffected by transverse gauge fluctuations,
and thus is robust to interaction effects. Scaling behav-
ior at at criticality is thus determined by two parame-
ters: disorder (σxx) and gauge fluctuations, set by e
2
∗,
the strength of 1/r interactions (see Fig. 1).
Model - The standard approach to the study of QH
transitions involves electrons in a perpendicular magnetic
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field with quenched disorder and Coulomb interactions:
L = L0 + Lint
L0 = c†(r)
[
−i∂t + µ+ V (r)− 1
2m
(∂ − iA)2
]
c(r)
Lint = −1
2
∫
d2r′ [n(r)− 〈n〉]U(r − r′) [n(r′)− 〈n〉] .(1)
The operator c(r) destroys a spin-polarized electron at
position r, n(r) = c†(r)c(r), B = ∇×A is the perpendic-
ular magnetic field, and the interaction potential is de-
noted by U(r). While we focus mostly on U(r) = e2∗/r,
the case of experimental relevance, we also touch on the
fate of U(r) = U0δ(r), i.e. screened Coulomb interac-
tions. We study the problem from the composite fermion
(CF) perspective, which provides new insights into the
transitions. We use Son’s Dirac CF formulation of the
half-filled Landau level (for a review see Appendix A) :
L = ψ¯ (γµDµa −m)ψ + µψ†ψ + Lgauge + Lint.
Lgauge = − 1
4pi
adA+
1
8pi
AdA (2)
The dirac fermion is annihilated by ψ(r), and aµ is a
U(1) gauge field, which couples to the fermions via the
covariant derivative Dµ = ∂µ − iaµ. To accommodate
quenched randomness we shift aj(r, t)→ aj(r, t) + a′j(r),
and a′j(r) are chosen from spatially independent gaussian
random distribution,
P [a′] = e−piNF τ
∫
d2ra′(r)2 , (3)
where NF is the density of states at the Fermi level.
Expressing the electron density operator as n(r, t) =
[B − b(r, t)] /4pi, with B = ∇ × A, b = ∇ × a, as well
as the average density 〈n〉 = B/4pi, the interaction La-
grangian takes the form
Lint = −1
2
∫
d2r′
(4pi)
2 b(r, t)U(x− x′)b(r′, t). (4)
At the critical point, the average flux 〈b〉, and mass
m vanish identically. The QH (insulator) phases occur
when m, 〈b〉 are positive(negative). In recent work, two
of us have shown that in the mean-field approximation,
in which fluctuations of aµ are ignored, the theory above
is a dual description of the non-interacting integer QH
transition10,11. Numerical solution of this problem yields
identical critical exponents as the Chalker-Coddington
network model for the integer QHIT.12
A crucial property of the CF mean-field theory is
that at criticality, delocalized states occur at all energies:
states at the Fermi level remain compressible and give
rise to a non-zero T = 0 dc conductivity. This will play a
crucial role in the conclusions that follow. The existence
of delocalized states follows from the parity anomaly of
the Dirac fermion: a half-integer Hall conductivity aris-
ing from UV degrees of freedom (on a lattice, it originates
from massive doubler fermions) ensures, by a corollary of
Laughlin’s gauge argument13 that states must be delo-
calized, irrespective of the Fermi level. As we show, this
feature continues to hold with gauge fluctuations.
Dynamical scaling laws - We first consider the leading
effects of gauge fluctuations in the presence of interac-
tions and disorder. In Coulomb gauge, the dynamical
fields have a temporal a0 and transverse components aT .
Interactions U(r) depend only on the transverse gauge
boson: for U(r) = e2∗/r, the interaction lagrangian takes
the form
Lint = − e
2
∗
16pi
∫
d2q |q|aT (−q)aT (q) (5)
The first important quantum corrections involve Debye
screening of a0, due to the finite compressibility of the
critical CF metal, and overdamping of the transverse
gauge boson. In the clean limit, Landau damping sets
the dynamical scaling laws. By contrast, with disorder,
and by the existence of delocalized states at criticality,
the Kubo formula implies that the quantum correction
to the transverse gauge boson via the retarded current-
current correlator is simply ΠR(q, ω) = iωσxx, where σxx
is the conductivity of CFs to the emergent gauge field. As
a consequence, the transverse gauge boson is overdamped
with z = 1 scaling with inverse propagator
D−1R (q, ω) = iωσxx −
e2∗
8pi
|q|. (6)
We can understand the z = 1 scaling from a complemen-
tary perspective as follows.14 At criticality, the non-zero
CF conductivity in turn implies a non-zero electrical con-
ductivity σEMxx = 1/(4pi)
2σxx. It follows from this, that
Coulomb interactions affect the diffusive motion of elec-
tromagnetic charge density ρ via
iωρ = Dq2ρ+ 2piσEMxx q
2U(q) ∼ 2piσEMxx qρ, (7)
where the correction to the diffusion equation comes from
1/r interactions. The scaling relation only requires a
non-zero linear response conductivity; it is thus a robust
property of the critical point.
The analysis above can be compared with
experiments.15–17 In Ref. 17, it was found that at
very low temperatures, the finite sample size terminates
the scaling of plateau transition width vs. temperature.
This provides us with explicit time and length scales
which can be compared with the theory. Assuming that
at this saturation temperature, the validity of finite size
scaling with characteristic length and time scales set by
the localization length and time respectively, we arrive
at the following relation:
Ts ∼ pi~σ
EM
xx
2kB
W−1 (8)
18where  is the dielectric constant. Assuming σEMxx =
e2/2h and  = 130 for GaAs, we find Ts = 4mK at
W = 500µm. This is of the same order of magnitude as
2
the experimentally observed Ts = 60mK. Importantly,
we predict that this relation is independent of the disor-
der strength and thus the objections of Ref. 19 can be
circumvented.
Abelian fractional QH transitions: superuniversality - A
distinctive advantage of the CF approach is that it en-
ables us to study fractional and integer QH transitions on
equal footing. We will consider here transitions from a
class of abelian fractional QH states with filling fraction
ν = 1/(2m− 1),m = 1, 2, · · · , to insulting phases. In the
CF representation, we generalize Lgauge above to20
Lgauge = 1
4pi
(
1−m
2m
)
ada− 1
2pi
1
2m
adA+
1
4pi
1
2m
AdA.
(9)
For m = 1, we recover the description of the integer QH
transition; for m > 1 there is now a Chern-Simons (CS)
term for aµ.
With 1/r interactions, all transitions are in the same
universality class regardless of the value of the integer m.
The reason for this, is that at criticality, the CF metal re-
mains compressible even with quenched randomness. As
a result, the CF degrees of freedom exhibit Debye screen-
ing. More explicitly, the temporal component a0 obtains
a quantum correction Π(q, ω) = NF + · · · , and fluctuates
above a “massive” saddle. In Coulomb gauge, the CS
term takes the form iλa0qaT , where q is the transverse
momentum, and λ is given by the first term in Eq. (9).
Upon integrating out a0, the effective Lagrangian for aT
(leaving aside their coupling to CF degrees of freedom for
the moment) takes the form
Leff ' −1
2
aT (−q)
[
e2∗
8pi
|q| − iωσxx +O(λ2q2)
]
aT (q).
(10)
We have neglected the constant O(B2) correction to
Lgauge after integrating out a0. Thus, since the CS term
is subleading in the presence of Coulomb interactions at
criticality, it immediataly follows that fractional and inte-
ger QH transitions are in the same universality class with
dynamical scaling set by an overdamped transverse gauge
boson. Again, the robustness of this conclusion rests on
the fact that the critical point has a metallic description
in terms of delocalized composite fermion states. The
notion of superuniversality in previous studies had re-
mained conjectural5 (for a more recent discussion, see
21); here we have provided direct arguments based on
the presence of 1/r interactions.
Short-range interactions - The arguments above are eas-
ily repeated in the case of short-range interactions, with
Sint = − U0
16pi
∫
dτd2q q2aT (−q)aT (q) (11)
In this instance, gauge fluctuation effects are stronger
and the interplay between disorder and interactions re-
mains more subtle. Integrating out a0 and invoking the
Kubo formula,
Leff = −1
2
aT (−q)
[(
U0
8pi
+
λ2
NF
)
q2 − iωσxx
]
aT (q)
(12)
Thus, we can expect that at the critical point z = 2.
However, the CS term does not decouple in this case,
and more sophisticated analysis is needed to conclude
whether or not the transitions are superuniversal.22
Nonlinear sigma model - The conclusions above have
rested on the fact that CFs remain delocalized at crit-
icality. Further evidence for this comes from the low en-
ergy effective theory consisting of fluctating gauge fields
and CF diffusive modes. Without gauge fluctuations, it
is well-known that the effective description of diffusive
modes involves Goldstone modes of a NLSM. To derive
the NLSM, we follow the standard steps: we average over
disorder using the replica trick in a Euclidean time for-
mulation, decouple the resulting interaction via a matrix-
valued HubbardStratonovich field Q, and integrate out
the fermions to find:
Z =
∫
D[Q, a] e−S , S = Sint + piNF
4τ
∫
d2r Tr
[
Q2
]− Tr log [G−10 + i2τ Q+ v · a
]
. (13)
The first term above, Sint, is the action associated with
Eq. 5. The latter terms arise from disorder averaging
and integrating out the CFs. The theory above in prin-
ciple contains all the effects of gauge fluctuations and
quenched randomness. To make progress, we employ a
double expansion of the theory: one in power of the cou-
pling between the matter and gauge fields controlled by
1/e∗, and the other a saddle-point expansion in powers
of the Goldstone modes that capture diffusive motion of
CFs (the latter is an expansion in 1/kF `, where ` = vF τ
is the mean-free path). When 1/e∗ = 0, we capture
the mean-field theory, with gauge fluctuations decoupled
from the Goldsone modes. The latter are governed by a
NLSM with a topological term that arises from match-
ing the chiral anomaly of the Dirac fermion in 2 space
dimensions23:
S[Q] = −ipiNFTr [∂τQ] + piσxx
4
Tr [∂iQ]
2
+ Stop (14)
where Stop = −piσxy4 ijTr [Q∂iQ∂jQ] captures the fact
that the CF system at criticality has σxy = −1/2 in units
3
of e2/h. The theory with couplings to the gauge fields
is explicitly derived in the appendix. It’s form, however
follows from gauge invariance: under a generalized gauge
transformation aj(x)→ aj(x)+∇χ(x), the field Q trans-
forms as
Q(x)→ eiχ(x)Q(x)e−iχ(x). (15)
The coupling to gauge fields is imparted by promot-
ing derivatives to covariant derivatives ∂˜jQ = ∂jQ −
i [aj , Q], which by definition transform under gauge-
transformations identically to Q. As a result, we arrive
at the following gauged NLSM:
S = S[Q] + Sint[aT ]− ipiσxxTr [a ·Q∇Q]− piσxx
2
Tr
[
a ·QaQ− a2] (16)
Remarkably, for Dirac CFs, the topological term, Stop, is
unaffected by the gauge field (see appendix C and Ref.
24). It reflects the fact that at criticality, the mass-
less component of the Dirac fermion has “time-reversal
symmetry”25, and any Hall conductance only arises from
the massive UV degrees of freedom, which cannot cou-
ple to low energy diffusive fluctuations. This property of
Dirac fermions guarantees that gauge fluctuations do not
renormalize the Hall conductivity at criticality. Thus, by
Laughlin’s gauge argument, we are guaranteed of the ex-
istence of delocalized states at the Fermi level, even as the
theory itself flows to strong coupling. We note in passing,
that in other CF theories, such as that of Halperin, Lee
and Read, the contribution to σxy is entirely from low en-
ergy quasiparticles, which do couple to diffusive modes.
In this case the CF Hall conductance is renormalized by
gauge fluctuations, as we show in the appendix.
The dynamical scaling laws described above are eas-
ily captured within the gauged NLSM. With Q matrices
treated at saddle-point level, there is a finite dc conduc-
tivity σxx =
1
2NF v
2
F τ ∼ kF `, which is sufficient to estab-
lish z = 1 scaling, as noted above. Higher orders in the
double expansion capture the interplay between the dif-
fusive Goldstone modes of the NLSM and the transverse
gauge boson. The gauged NLSM captures the fluctuation
conductivity in the presence of Coulomb interactions that
were derived from straight perturbation theory in Ref.
26. More generally, the theory accurately describes the
behavior of the CF system at kF ` 1. In this limit, we
find that the gauge-fluctuations are irrelevant, and de-
couple from diffusive motion. Their effect on fermions is
non-singular; this should be contrasted with the clean
case where Coulomb interactions are marginal.27 Fur-
thermore, since the CFs are spin-polarized, they do not
suffer from instabilities in the triplet channel that was
first noted by Finkel’stein28.
Nevertheless, since the critical point itself occurs at
σxx ∼ 1, the gauged NLSM cannot reliably be used to
compute the divergence of the localization length λ at
the critical point: λ ∼ |B − Bc|−ν . To determine ν,
one must study the non-perturbative fixed point of the
theory. Indeed, gauge fluctuations are believed to be rel-
evant at this fixed point29. Since the conductivity enters
the gauge boson propagator, the exponent ν can be ob-
tained from finite size scaling of the gauge boson propaga-
tor at the critical point. We shall address these questions
in future studies.
Based on the present analysis, we present our specu-
lation on the nature of the RG trajectories in the vicin-
ity of the critical point. Since σxy is not renormalized
at criticality in our model, we can consider the critical
theory in a two parameter space of 1/σxx and 1/e
2
∗, ap-
propriate for Coulomb interactions. Fig. 1 presents the
conjectured RG flows at criticality in this two parame-
ter plane. It follows that any fixed point which occurs
at σxy = −1/2, 0 < 1/e2∗ < ∞, must necessarily have
z = 1. Furthermore, any fixed point with e2∗ > 0 must
also possess superuniversality.
Summary - We have studied QH to insulator transitions
in the composite fermion representation, which provides
a new perspective on the problem. In the CF representa-
tion, delocalized states occur at all energies at criticality.
We have concluded that z = 1(z = 2) for 1/r(short-
range) interactions. We have also shown that with 1/r
interactions, the transitions are superuniversal. We have
shown that in the Dirac CF theory, the Hall conductance
is not renormalized at criticality by gauge fluctuations.
Further study including non-perturbative effects of disor-
der are needed to determine the localization length expo-
nent ν. We will report on these developments elsewhere.
On the experimental front, further studies of QH tran-
sitions with gates will be of fundamental importance to
shed light on dynamical scaling laws and superuniversal-
ity in the presence of screened Coulomb interactions.
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Appendix A: Dirac composite fermion theory of the
half-filled Landau level in the presence of quenched
disorder
In this appendix, we briefly review the Dirac CF theory
proposed by Son9 and how the integer quantum Hall to
insulator transition (IQHIT) can be described in a mean-
field approximation.3
As noticed by Son, there is no distinction between the
lowest Landau level (LLL) of a non-relativistic electron
and that of a Dirac electron of zero mass. However, the
latter has the advantage of containing a PH-symmetry
without the need of the LLL limit. Thus, one can derive
the Dirac CF theory consistent with all the symmetries
of the problem by using the fermion-fermion dualities:32
LDirac el. = ic¯γνDνAc+
1
8pi
AdA+ Ldis. + Lint.xy
LSon = iψ¯γνDνaψ + µcf ψ¯γtψ −
1
4pi
Ada+
1
8pi
AdA
+ Ldis. + Lint.
Ldis. = − 1
4pi
V (r)b
Lint. = − 1
2(4pi)2
∫
d2r′ U(|r − r′|)b(r′)b(r) (A1)
where c, c¯ are the two-component Dirac electron op-
erators, ψ, ψ¯ are the corresponding Dirac composite-
fermions operators, Dνa ≡ ∂ν − iaν , γν satisfy the re-
lations {γµ, γν} = 2gµν and gµν is the metric tensor
5
FIG. 2. A schematic of the density of states of a Dirac fermion
in the presence of a vector potential disorder a′j(r). We de-
fine a tuning parameter b0 ≡ 1L2
∫
d2r ∇ × a′(r). In subfig-
ure (a), b0 = 0, and the Hall conductivity is σ
cf
xy = 0 at all
Fermi-energies as a result of the average time-reversal symme-
try. This implies that all states are extended due to Laugh-
lin’s gauge argument.13 In subfigure (b), b0 6= 0 and all the
non-zero energy states are localized. There exist zero modes,
the number of which is equal to total number of flux quanta
passing through the system.34 These zero-modes lead to the
Hall conductivity σcfxy =
sgn[b0]
4pi
at any positive Fermi-energy.
Thus, the Dirac CFs exhibit an IQHT when we tune the av-
erage magnetic field across b0 = 0.
with the signature (−,+,+). Further, A represents the
background electromagnetic gauge field while a is the
emergent gauge field. The Chern-Simons term for A in
the first equation reflects the fact that there is a parity
anomaly for a single Dirac fermion in 2+1 dimensions.33
Also, the interaction term has been obtained using the
fact that the electromagnetic charge density is given by:
ρEM ≡ δL
δAt
=
B − b
4pi
(A2)
Further, V (r) represents a random chemical potential in
the Dirac electron coordinates. The disorder term has
been obtained by shifting At → At + V (r). We assume
that V (r) is zero on average and is statistically particle-
hole symmetric, i.e. all odd moments of V (r) vanish.
Notice that at appears linearly in the CF lagrangian, as
such it is a lagrange multiplier and enforces the following
constraint via its equation of motion:
ρcf ≡ ψ¯γtψ = B
4pi
(A3)
Combining this with Eq. (A2), as expected in the CF
theory, at ν = 1/2 the average magnetic field 〈b〉 = 0
and the CF density is fixed by the external magnetic
field. Finally, the PH-symmetry in the electron coordi-
nates translates to a time-reversal symmetry in the CF
representation.
One technical challenge with the present form is that
the disorder term involves the emergent gauge field. In
the literature, extensive methods have been developed for
studying fermions in the presence of disorder. Therefore,
it is favorable to convert this into a term that involves the
fermions instead. To achieve this, notice that the disorder
term is similar to a source for the emergent magnetic
field, motivating a random vector potential for the Dirac
composite-fermions. This motivates the following mean-
field Hamiltonian for Dirac CFs:3
Hcf = σ.(p− a′)− µcf (A4)
where a′ ≡ a′(r) is now a quenched random vector po-
tential, the Dirac fermions are at a finite chemical poten-
tial µcf in accordance to Eq. (A3) and σ = σx, σy are
the usual Pauli matrices.
As explained in Ref. 3, the above Hamiltonian de-
scribes a QHT between the filling fractions νcf = −1/2
and νcf = 1/2 as one tunes the average magnetic field
b0 ≡ 1L2
∫
d2r ∇×a′(r) across b0 = 0. Since the average
magnetic field corresponds to tuning away from ν = 1/2,
this QHT in composite-fermion coordinates is actually a
manifestation of the IQHIT in the electron coordinates.
For completeness, we briefly review the arguments here.
As shown in Fig. 2, the spectrum of CFs contains zero
modes34 when b0 6= 0. These zero modes are analogous to
the lowest Landau level35 and contribute a Hall conduc-
tance of σcfxy =
sgn[b0]
4pi . In addition, one generally expects
the non-zero energy states to be localized. Therefore, the
total Hall conductance of the CFs is given by:
σcfxy =
{
sgn[b0]
4pi , b0 6= 0
0 b0 = 0
(A5)
which when translated to the response in terms of the
background field corresponds to the ν = 1 → 0 transi-
tion. The CF Hall conductivity at b0 = 0 results from
the average time-reversal symmetry in CF coordinates
since we consider a statistical PH-symmetric disorder in
the electron coordinates. An important property of the
critical point is that all of the states in the spectrum
are delocalized. This is a result of the contrapositive
version of Laughlin’s gauge argument,13 which when the
parity anomaly is accounted for, can be stated as “If the
Hall conductivity of the Dirac fermion is not of the form
(n + 1/2)e2/h, then the states at the fermi energy must
be not be localized”. Consequently, the extended states
have a non-zero measure and thus one can have a non-
zero longitudinal conductivity at the critical point even
at a mean-field level unlike the electron version.2
Appendix B: Non-linear sigma model for CF
theories
In this appendix, we derive the NLSM for Son’s and
HLR theories of CFs at ν = 1/2. These theories are
characterized by a non-linear sigma model (NlSM) for
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the diffusive degrees of freedom with a topological term36
coupled to the emergent gauge field. We find one differ-
ence in the two versions: in the HLR formulation, the
derivatives in the topological term get replaced by the
covariant derivatives while in Son’s theory they do not.
On accounts of its simplicity, we’ll focus on the latter for
the perturbative calculations in the σxx  1 limit.
To start, we need the Euclidean version of Son’s theory
obtained by Wick rotation: t→ −iτ . It gives:
Z =
∫
D[ψ¯, ψ]D[a] e−SE
SE =
∫
d2rdτ
(L[ψ¯, ψ, a] + Ldis + L[a] + L[a,A])
L[ψ¯, ψ, a] = −ψ¯γµDaµψ + µcf ψ¯γτψ
Ldis. = 1
4pi
V (r)b −→ −a′j(r)ψ¯γjψ
L[a] = 1
2(4pi)2
∫
d2r′ U(|r − r′|)b(r′)b(r)
L[a,A] = iadA
4pi
− iAdA
8pi
(B1)
In what follows, we’ll not consider the external fields for
simplicity. And, the constant external magnetic field that
gives rise to a finite density of composite-fermions (Eq.
(A3)) will be effectively treated by considering a chemical
potential µcf for the composite-fermions.
We’ll use the replica trick for the construction of the
gauged NLSM.37–40 The replicated theory in frequency
space looks like:
ZNr =
∫ Nr∏
α=1
D[ψ¯α, ψα]D[aαµ ] e−SE
SE = SψE + Sdis.E + SgE + SaE
SψE = −
∑
α,n
∫
d2r ψ†
α
n (iωn + µ+ iσj∂j)ψ
α
n
Sdis.E = −
∑
α,n
∫
d2r a′j(r)ψ
†α
nσjψ
α
n
SgE = −
i√
β
∑
n,m,α
∫
d2r aαµ(ωn − ωm)ψ†
α
nγ
τγµψm
SaE =
1
2(4pi)2
∑
α
∫
d2r′ U(|r − r′|)bα(r′)bα(r) (B2)
where Nr is the number of replicas, ψ
† ≡ −ψ¯γτ , γτ =
σz, γ
τγj = −iσj , ωn = (2n+1)piβ and β is the inverse tem-
perature. Further, we have taken the Fourier transform
convention to be:
ψn(q) ≡ 1
2pi
√
β
∫
d2r
∫ β
0
dτ eiωnτ−iq.rψ(r, τ)
ψ¯n(q) ≡ 1
2pi
√
β
∫
d2r
∫ β
0
dτ e−iωnτ+iq.rψ¯(r, τ)
aµ(ωn, q) ≡ 1
2pi
√
β
∫
d2r
∫ β
0
dτ eiωnτ−iq.raµ(τ, r)
(B3)
For the construction of the NLSM, we consider ai(r) to
be gaussian random uncorrelated variables, i.e.:
P [a′j(r)] ∝ e−piNF τ
∫
d2r a′2j (r) (B4)
where NF ≡ µcf/2pi is the density of states and τ is the
scattering time. Upon disorder averaging, we get:
Sdis.E = −
1
2piNF τ
∫
d2r
(∑
α,n
ψ†
α
nσjψ
α
n
)2
=
1
2piNF τ
∑
nm,αβ
∫
d2r
[
(ψ†
α
nψ
β
m)(ψ
†β
mψ
α
n)
−(ψ†αnσzψβm)(ψ†
β
mσzψ
α
n)
]
(B5)
We can ignore the second term as it is unimportant when
the Dirac spinor magnetization is not a conserved quan-
tity. The first term can be decoupled using a Hubbard-
Stratonovic field: Q = Q† ≡ Qαβnm(r),
SE = SψE + SaE
SψE = −
∑
nm,αβ
∫
d2r ψ†
α
n
[
(G−10 )nδ
αβδnm +
i
2τ
Qαβnm
+
1√
β
δαβ
(
iAατ,nm + σjAαj,nm
)]
ψβm
+
piNF
4τ
∫
d2r Tr[Q2]
(B6)
(G−10 )n ≡ iωn + µ+ iσj∂j (B7)
Aαβµ,nm ≡ aαµ(ωn − ωm)δαβ (B8)
We’ll now find the saddle point solution for Q using its
equation of motion:
Q =
i
piNF
∫
d2r Trσ
[
1
G−10 +
i
2τQ
]
(B9)
where the trace indicates trace over spinor indices. Solv-
ing this gives the standard saddle-point solution:
QSP = Λ ≡ sgn[ωn]δαβδnm (B10)
If we take ωn → 0 and ignore the gauge fields, then the
action in Eq. (B6) is invariant under the unitary trans-
formation U ≡ Uαβnm: ψ → Uψ,ψ† → ψ†U†, Q → UQU†.
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Therefore, the NLSM is in the unitary class. The full
saddle-point manifold is given by the following condi-
tions:
Q2 = 1, Tr[Q] = 0 (B11)
Notice that the saddle-point solution breaks this unitary
symmetry from U(2Nr) to U(Nr)× U(Nr).
We now obtain a long wavelength, low energy effective
field theory for the saddle-point manifold. To achieve
this, let’s integrate out the fermions:
SψE = −Tr log
[
G−10 +
i
2τ
Q+
1√
β
(iAτ + σjAj)
]
+
piNF
4τ
∫
d2r Tr[Q2] (B12)
We perform expansion in derivatives of Q and also in
powers of the gauge field. This needs to be done in a
way that preserves gauge-invariance.39 We get:
SE = SQE + StopE + SaE (B13)
SQE = piNF
∫
d2r Tr
[
D
4
(DjQ)
2 −
(
Ω +
Aτ√
β
)
Q
]
(B14)
StopE =
1
16pi
∫
d2r jkTr[Q∂jQ∂kQ] (B15)
SaE =
1
2(4pi)2
∑
α
∫
dτd2rd2r′ U(|r − r′|)bα(r′)bα(r)
+
NF
2
∑
α
∫
d2rdτ (aατ )
2
(B16)
DjQ ≡ ∂jQ− i√
β
[Aj , Q]
where D ≡ τ/2 is the diffusion constant. The sec-
ond term in Eq. (B16) results from the Debye screen-
ing at the saddle point. One can check gauge in-
variance using the fact that under the gauge trans-
formation ψ → eiΓ(r,t)ψ, aµ → aµ + ∂µΓ, we have
Qtt′ → eiΓ(r,t)Qtt′e−iΓ(r,t′). The topological term for
this gauged NLSM is derived in Appendix C.
Note that the coefficient of the topological term is
what’s proposed by Pruisken36 to correspond to the
IQHIT. This is consistent with the discussion in the pre-
vious section that the CF theory at ν = 1/2 describes
such a critical point. As shown in appendix C, the
derivatives in the topological term are not replaced by
the covariant derivatives. As such, it does not lead to a
Hall conductance for the Dirac composite-fermion as re-
quired by the average time-reversal symmetry in the CF
coordinates. Consequently, the gauge fluctuations can’t
modify the coefficient of the topological term. Contrast
this with the HLR theory where the CFs do have a Hall
conductance35 and thus one expects the derivatives in the
topological term to be replaced by the covariant deriva-
tives. Thus, the topological term may not be robust to
gauge fluctuations. Such an expectation for the form of
the topological term was indeed shown to be true in Ref.
40 where the composite-fermion theory of the IQHIT was
obtained by attaching 2-flux quanta to the NLSM of elec-
trons. Two of us have previously employed a slightly dif-
ferent approach of first attaching the 2-flux quanta and
then analyzing disorder in the HLR theory.3 Using this
perspective, we derive the topological term for the HLR
theory in Appendix C 2.
On accounts of simplicity, we considered a vector po-
tential disorder for the Dirac CFs. However, in general,
we can also have a random mass41 and random chemi-
cal potential as long as the disorder obeys the statisti-
cal time-reversal symmetry. Such a generalized disorder
doesn’t modify the form of the effective field theory of
Eq. (B13). This is so because the composite-fermion
density is the only slow mode in the theory. Therefore,
the NLSM is always in the unitary class and thus all the
perturbative diagrams in the double expansion remain
unchanged. Further, the topological term also retains its
form since the average time-reversal symmetry forbids a
Hall conductance for the Dirac CFs.
1. Perturbation theory
In the NLSM approach, we can obtain the quantum
corrections to the gauge-field and the diffusive degrees of
freedom. In our analysis, we consider σxx  1 and the
limit of strong Coulomb interactions. As such, the results
of this section strictly pertain to the experiments done at
weak disorder and won’t tell us much about the critical
point that occurs at σxx ∼ O(1). However, we will still
be able to make interesting statements about the RG flow
in the regime of validity of these calculations. As we’ll
see, the gauge fluctuations can be neglected in this limit.
To perform a perturbative analysis, we will expand the
NLSM around the saddle point in the following way:
Q =
ω > 0 ω < 0( )√
1− V †V V † ω > 0
V −√1− V V † ω < 0
(B17)
Q =
∞∑
n=0
Q(n)
Q(0) = Λ (B18)
Q(1) =
(
0 V †
V 0
)
(B19)
Q(2) = −Q
(1)2Λ
2
, Q(3) = 0, Q(4) = −Q
(1)4Λ
8
, · · ·
(B20)
It’s useful to write the action with covariant derivatives
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expanded out:
SE = StopE + Sa,(0)E + Sa,(1)E + Sa,(2)E
Sa,(0)E = piNF
∫
d2r Tr
[
D
4
(∂jQ)
2 − ΩQ
]
(B21)
Sa,(1)E = −
ipiσxx√
β
∫
d2r Tr [AjQ∂jQ]
− piNF√
β
∫
d2r Tr[AτQ]
(B22)
Sa,(2)E = −
piσxx
2β
∫
d2r Tr
[AjQAjQ−A2j]
+
NF
2
∑
α
∫
d2rdτ (aατ )
2
+
1
2(4pi)2
∑
α
∫
dτd2rd2r′ U(|r − r′|)bα(r′)bα(r)
(B23)
The Gaussian level propagator of Q(1) is:
〈Q(1)αβnm(q1)Q(1)
γδ
kl (−q2)〉0 =
2
piNF
Θ(−ωnωm)
Dq21 + |ωn − ωm|
× δ(2)(q1 − q2)δαδδβγδnlδmk
(B24)
Notice that 〈Q(1)(q)Q(1)(−q)〉0 ∝ 1σxx . This means that
the expansion in powers of Q(1) is controlled by the small
parameter 1/σxx.
Additionally, in transverse gauge, the propagator of aT
for Coulomb interactions, i.e. U(r) = e2∗/r is:
aj(q) =
ijkqjaT (q)
q
(B25)
〈aαT (ωn, q1)aβT (−ωm,−q2)〉0 =
8pi
8piσxx|ωn|+ e2∗q
×δ(2)(q1 − q2)δαβδnm (B26)
a. Gauge-boson self-energy
The leading order correction to the gauge-boson prop-
agator can be obtained to second order in the gauge cou-
pling and Q(1).
SΠ[aµ] ≡ 1
2
∫
d2q aαµ(ωn, q)Π
µν,αβ
nm (q)a
β
ν (−ωm,−q)
(B27)
For the spatial part of Πµν , we obtain the following term
in the second order expansion of the action in Eq. (B22)
and re-exponentiating the answer:
Πjk,αβnm
(1)
= −σxx |ωn|Dqjqk
Dq2 + |ωn|δ
αβδnm (B28)
From Eq. (B23), we get the saddle point answer and two
additional terms. One of them is obtained by replacing
both Qs by Q(1) and the second by replacing of the Qs
by Λ and the other by Q(2). The latter term vanishes in
the replica limit since 〈Q(2)〉0 ∝ Nr. So, we have:
Πjk,αβnm
(2)
= σxxδ
αβδnm
− σxxδn,0δm,0
4pi
∑
n′,m′
∫
d2q′
Θ(−ωn′ω′m)
Dq′2 + |ωn′ − ωm′ |
(B29)
We can show that the second term doesn’t contribute in
the replica limit since we have a replica-symmetric saddle
point. To see this explicitly, let’s consider a simplified
action of the form:
SE [x] = 1
2
∑
αβ
(
aδαβ + b
)
xαxβ (B30)
with α = 1, 2, · · · , Nr − 1, Nr. Eigenvalues of the in-
verse propagator matrix can be easily calculated to be
a, a, · · · , a, a+Nrb. In the replica limit, all of them con-
verge to a. As such, we get the following overall answer:
Πjk,αβnm (q) = σxx|ωn|δαβδnm
|ωn|δjk +D(q2δjk − qjqk)
Dq2 + |ωn|
(B31)
Similarly:
Πττ,ααnn (q) = NF
Dq2
Dq2 + |ωn| (B32)
Πτj,ααnn (q) = Π
jτ,αα
nn (q) = σxx
ωnqj
Dq2 + |ωn| (B33)
It can be easily verified that this satisfies the Ward-
Takahashi identities qµΠ
µν = Πνµqµ = 0 when we use
the Fourier transform convention of Eq. (B3). Let’s con-
vert the self-energy to transverse gauge:
ΠTT,ααnn (q) = σxx|ωn| (B34)
ΠτT,ααnn (q) = Π
Tτ,αα
nn (q) = 0 (B35)
Notice that the transverse gauge field propagator is not
modified by the diffuson correction to the self-energy.
b. Diffuson self-energy: quantum corrections to conductivity
Another important effect in the gauged NLσM is the
quantum correction to the diffusons due to gauge-field
fluctuations. In principle, there are three different possi-
ble processes that can contribute. First, since we found
that aτ is gapped at the saddle point, it mediates an ef-
fective density-density interaction with a constant form-
factor which leads to the standard Altshuler-Aronov cor-
rection. Second, there are Hartree-type current-current
gauge interactions, which in the 1/r case are known to
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be much less singular than for the short-range interac-
tion because such processes are dominated by large trans-
ferred momenta up to kF
42. Fortunately, resulting log-
arithmic corrections of both types are well under con-
trol since the absence of spin degeneracy guarantees the
marginal irrelevancy of the coupling and suppression of
the triplet instability43. Finally, one has to investigate
the fate of exchange current-current diagrams involving
aj . In this subsection, we review technical details of such
corrections in the NLσM framework and demonstrate, in
full agreement with Ref. 26, that they saturate in the IR
limit.
The leading correction to the conductivity of diffusons
comes from the second order expansion of the action in
Eq. (B22). In β →∞ limit, we get:
SQ,1E ∼
2piσxx
√
piTτ
e2∗
√
Dτ
∫
d2q Dq2Q(1)
αβ
nm(q)Q
(1)βα
mn(−q)
(B36)
where we have done the momentum integral first and
set the external frequencies to zero (dc limit). We then
expanded in powers of ω2 and integrated over the region
piT < ω2 < 1/τ . We have ignored the constant piece that
changes the zero temperature conductivity by a small
amount for small 1/e2∗. Further, we also get the following
from the same term:
SQ,2E ∼
2pi2σxx
e2∗β
√
D
∫
d2q
δαβDq2√|ωn − ωm|
×Q(1)αβn,n−p(q)Q(1)
βα
m,m+p(−q) (B37)
Notice that this is completely regular since |ωn − ωm| ≥
2pi/β and there is one extra sum over frequencies. Similar
to Ref. 26, these terms lead to
√
T dependence of the
corrections to conductivity.
In addition, we get the following corrections from the
first term in Eq. (B23):
SQ,3E ∼
2σxx
e2∗
√
Dτ
∫
d2q
[
|ωn − ωm|Q(1)αβnm(q)Q(1)
βα
mn(−q)
−piδ
αβ
β
Q(1)
αβ
n,n−p(q)Q
(1)βα
m,m+p(−q)
]
(B38)
The first term renormalizes the coefficient of |ω| in the
diffuson propagator. Since the corrections to diffusons
are small, we conclude that gauge fluctuations are unim-
portant to this order. Also notice that these quan-
tum corrections are controlled by the small parameter:√
D/e2
√
τ ∝ `/e2∗τ , where ` is the mean-free path. In
terms of the renormalization group, the gauge fluctua-
tions are irrelevant for large σxx. This suggests the RG
flow as shown in Fig. 1.
Appendix C: Topological term for the gauged
non-linear sigma model
In this appendix, we derive the topological term for
the gauged NLSM using methods described in Ref. 3.
1. Topological term in Son’s theory
We start with Eq. (B6) of Appendix B.
SψE = −
∫
d2r ψ†
[
iΩ +
iAτ√
β
+ µ
+iσj∂j +
i
2τ
Q+
σjAj√
β
]
ψ (C1)
We have suppressed frequency and replica indices for
clarity. In what follows, we’ll take Ω → 0 and Aτ → 0
for a leading order analysis. Thus, this theory essentially
becomes 2+0-dimensional with the temporal and replica
components playing the role of flavor indices. Upon pa-
rameterizing the saddle point Q = uΛu† and transform-
ing fermions via a unitary transformation ψ → uψ, ψ† →
ψ†u†, we obtain:
SψE = −
∫
d2r ψ¯
[
µ+ iσj∂j +
i
2τ
Λ + σjBj
]
ψ (C2)
Bj ≡ iu†
(
∂j − iAj√
β
)
u (C3)
where ψ† has been reinterpreted as ψ¯ for the 2 + 0-
dimensional theory. We partition the gauge field Bj into
two components:
Bj = Cj +Hj (C4)
Cj ≡ 1
2
(Bj + ΛBjΛ) , Hj ≡ 1
2
(Bj − ΛBjΛ) (C5)
[Cj ,Λ] = {Hj ,Λ} = 0 (C6)
DjQ = ∂jQ− i√
β
[aj , Q] = iu[Λ, Bj ]u
† (C7)
Since the gauge transformations that commute with Λ
don’t modify the saddle point, this means that Cj are
unbroken gauge degrees of freedoms while Hj are Gold-
stone modes as seen from Eq. (C7). So, we can drop Hj
in the chiral anomaly derivation.
The mass matrix for the 2 + 0-dimensional Dirac
fermions is M = Λ − iµ. Therefore, the masses of pos-
itive frequencies and negative frequencies are related as
m+ = −m∗−. As in Ref. 3, we make these masses com-
plex conjugates of each other via the chiral rotation ψ →
U(α)ψ, ψ¯ → ψ¯U(α), where α = 1, U(α) ≡ e−iαγ5(Λ−1)pi4
and γ5 ≡ iσxσy = −σz. The action transforms to:
SψE = −
∫
d2r ψ¯
[
µΛ +
i
2τ
+ iσj∂j + σjBj
]
ψ (C8)
The Jacobian is:
J = exp
[
− i
2pi
pi
4
∫
d2r Tr
[
γ5(Λ− 1) /D2
]]
= exp
[
jk
i
2pi
pi
4
∫
d2r Tr
[
(Λ− 1)FCjk
]]
(C9)
FCjk ≡ ∂jCk − ∂kCj − i[Cj , Ck] (C10)
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Using the relation:
FCjk =
1
2
√
β
[
u†F ajku+ Λu
†F ajkuΛ
]
+
i
4
Λu†QD[jQDk]Qu
(C11)
FAjk ≡ ∂jAk − ∂kAj , (C12)
we obtain J = e−Stop :
Stop = 
jk
16
∫
d2r
[
Tr [QDjQDkQ]− 2i√
β
Tr[QFAjk − FAjk]
]
=
jk
16
∫
d2r Tr [Q∂jQ∂kQ] (C13)
where the Tr[QFjk] term cancels the aj dependence of the
covariant derivatives and we have dropped the Tr[F ajk]
term because it is a constant.
2. Topological term in HLR theory
HLR theory differs from the Dirac theory in the fact
that it has a Chern-Simons term. As such, we expect the
topological term to have covariant derivatives. Here, we
explain how this can be obtained. The g = 2 disordered
HLR theory including gauge fluctuations is:
LE = ψ†
[
∂τ − iaτ + b(r)
2m
− µ
− 1
2m
(∂j − ia′j(r)− iaj)2
]
ψ + · · · (C14)
Upon adding and subtracting a gyromagnetic term for
the fluctuating gauge field, we get:
LE = ψ†
[
∂τ − iaτ + b
′(r) + b
2m
− µ
− 1
2m
(∂j − ia′j(r)− iaj)2
]
ψ − bψ
†ψ
2m
+ · · ·
(C15)
Now, we can do the fermionic Hubbard-Stratonovic
transformation of Ref. 3 and map it to a Dirac theory:
LE = −Ψ†
[
µ+ ivσj
(
∂j − ia′j(r)− iaj
)]
Ψ
− bψ
†ψ
2m
+ ψ†Dtψ + · · · (C16)
Ψ ≡ (ψ χ)T and Ψ† ≡ (ψ† χ†), where χ, χ† are the
fermionic Hubbard-Stratonovic field and v ≡ √ µ2m . We
have ignored the time-derivative term. Performing dis-
order averaging and introducing the constrained field Q,
we get:
LE = −Ψ†
[
µ+ ivσj (∂j − iaj) + i
2τ
Q+
b
4m
(σz + 1)
]
Ψ
+ · · · (C17)
where we have used that γτ = σz. Let’s integrate out
fermions:
Leff.E = −Tr log
[
µ+ ivσj∂j +
i
2τ
Q+
v√
β
σjAj
+
B
4m
√
β
(σz + 1)
]
+ · · · (C18)
where B ≡ jk∂jAk. To first order in B, we get:
Leff.E =
i
4
√
β
Tr[QB] + · · ·
=
ijk
8
√
β
Tr[QFAjk] (C19)
If we repeat the chiral anomaly analysis of previous
section on Eq. (C17), we will find that this additional
term leads to introduction of the covariant derivatives in
the topological term of Eq. (C13):
Stop = 
jk
16
∫
d2r Tr [QDjQDkQ] (C20)
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